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mail.ts (D.-s. Li).Three-dimensional (3D) ﬁve-directional braided composites are signiﬁcant structural materials in the
ﬁelds of astronauts and aeronautics. On the basis of the 3D ﬁve-directional braiding process, three types
of microstructural unit cell models are established with respect to the interior, surface and corner
regions. The mathematical relationships among the structural parameters, such as ﬁber orientation, ﬁber
volume fraction, the yarn packing factor, are derived. By using these three unit cell models, a microme-
chanical prediction procedure is described to simulate the stiffness and strength properties of 3D ﬁve-
directional braided composites. Only the in situ constituent ﬁber and matrix properties of the composites
and the ﬁber volume proportion are required in the simulation. The stress states generated in the constit-
uent ﬁber and matrix materials are explicitly correlated with the overall applied load on the composites.
The predictive stiffness and strength are in good agreement with available experimental data, which
demonstrates the applicability of the present analytical model.
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Three-dimensional (3D) four-directional braided composites
have been widely used in many industries due to the advantages
over the conventional laminated composites, including through-
thickness reinforcement, high damage tolerance, anti-ablation
capability, etc. (Ko, 1982; Li et al., 1990). Recently, 3D ﬁve-direc-
tional braided composites have been developed by adding the uni-
axial reinforced yarns along braiding direction based on the 3D
four-directional braiding process. They are particularly attractive
materials for use in primary load-bearing structures and receive
a great attention in the aeronautics and astronautics industries. Be-
cause this new structural materials have their special yarn conﬁg-
uration and totally different from that of the 3D four-directional
braided composites, it is necessary to conduct detailed study on
their microstructure, and then establish suitable predictive models
to determine the mechanical performances before they can be cer-
tiﬁed for use, especially in primary aerospace structures.
In the past, considerable effort has been made on the micro-
structure and mechanical properties of 3D four-directional braided
composites. Yang et al. (1986) studied the effective elastic proper-ll rights reserved.
rospace, Tsinghua University,
iansen@163.com, lidiansen@ties of 3D four-directional braided composites by using the ‘ﬁber
inclination model’ based on the modiﬁed classical laminated the-
ory. Lei et al. (1992) developed a ﬁnite cell model (FCM) in which
the composite was considered as comprising a ﬁnite number of
brick-shaped structural cells. Each unit cell was treated speciﬁcally
as a space truss structure. A 3D truss ﬁnite-element technique was
employed in their mechanistic analysis. Wang and Wang (1994)
ﬁrst treated a 3D four-directional braided composite as a core/
sheath structure, and analyzed the local properties of the interior,
the surface and the corner cells, then evaluated the global proper-
ties of the overall composite by the volume-averaging technique.
Sun et al. (1998) preformed the elastic properties and strength
analysis of the 3D four-directional braided composite based on
modiﬁed classical laminated theory and Tsai-Wu polynomial crite-
rion. Chen et al. (1999) described the ﬁber architecture and evalu-
ated the elastic performance of 3D four-directional braided
composites based on ﬁnite multiphase element method. Tang
and Postle (2002) analyzed the nonlinear deformation of 3D four-
directional braided composites by means of the ﬁnite-element
method. Gu (2004) predicted the uniaxial tensile stress–strain
curve of 3D four-directional braided perform by describing the
yarn trace in mathematical way and the strain energy conservation
law. Sun and Sun (2004) reported a volume-average-compliance
method to calculate the elastic constants. Yu and Cui (2007) devel-
oped a two-scale method to predict the mechanics parameters of
3D four-directional braided composites. Zuo et al. (2007) proposed
a theoretic method to calculate the portrait draw strength of 3D
D.-s. Li et al. / International Journal of Solids and Structures 46 (2009) 3422–3432 3423four-directional braided composite rectangle section beam, based
on the second-rank expression for Tsai-Wu criteria.
However, there were few works dealing with 3D ﬁve-direc-
tional braided composites, especially on the strength prediction.
Wu (1996) proposed a simple geometrical three-cell model of 3D
ﬁve-directional braided composites. Based on this model in con-
junction with a yarn/matrix interfacial damage condition and
porosity in the matrix, bimodulus and elastic–plastic behavior
were studied. Lu and Liu (2006) predicted the elastic properties
of the materials by the stiffness volume-averaged method. Re-
cently, two numerical prediction models based on ﬁnite-element
methods proposed by Xu and Xu (2008) and Li et al. (2008a,b),
respectively, were developed to evaluate the elastic performance
and thermal conductivity properties of 3D ﬁve-directional braided
composites. Chen et al. (2005) and Li et al. (2008c) experimentally
studied the basic mechanical performance and failure mechanisms
of the 3D ﬁve-directional braided composites.
In this paper, the microstructure of 3D ﬁve-directional braided
preforms is analyzed in the interior, surface and corner regions.
Base on the unit cell models established, a micromechanics theory
is developed to predict the stiffness and strength properties of 3D
ﬁve-directional braided composites. The effects of the braiding
parameters on the stiffness and strength properties are discussed
later in detail. All the predictions are in good agreement with the
available experimental data, demonstrating the applicability of
the model.
2. 3D ﬁve-directional braiding process
The topological structure of 3D ﬁve-directional braided pre-
forms is determined by the braiding process, which is realized
through the permutation of yarn carriers on a machine bed by
row and column track movements in the X and Y direction, respec-
tively, and the preform is fabricated in the Z-direction. Fig. 1 shows
the basic concept of the braiding process, where ‘‘o” means the
braiding yarn carriers and ‘‘” means the axial carriers. It is noted
that the axial yarn carriers locate between the braiding yarn carri-
ers in rows on the machine bed in order to add the axial yarns. Sim-
ilar to the 3D four-directional braiding process, every machine
cycle are accomplished by four steps movement, during which,
each carrier moves one position at one step. More speciﬁcally, for
the Cartesian pattern, at the ﬁrst braiding step, the braiding yarn
carriers and the axial yarn carriers in rows move horizontally
one position in an alternating manner. At the second step, the
braiding yarn carriers in columns move one position vertically in
an alternating manner, while all the axial yarn carriers stay in
the current positions. The third step and the fourth step reverse
the carrier movements in the ﬁrst and second steps, respectively.
After these four-steps, all the yarn carriers on the machine bed re-
turn to the original pattern, completing one machine cycle. Then a
certain ‘jamming’ action is imposed on all the yarns, which makes
the yarns more or less closely intertwined; the unit length of pre-
form is deﬁned as the braiding pitch, denoted by h. As these steps
continue, the braiding yarns move throughout the cross-section
and interlace with the axial yarns to form the structure.
The total number of yarn carriers on the machine bed for a rect-
angular preform can be deﬁned by the number of carriers in the
columns and rows of the main part, denoted by [P  Q], P as the
number of rows and Q as the number of columns. The number of
braiding yarns is given in the following
N ¼ PQ þ P þ Q ð1Þ
The number of axial yarns is given as
N1 ¼ PQ ð2Þ
Therefore, the total number of yarns described in Fig. 1 is 58.3. Microstructure and the unit cell models
3.1. Planar yarn paths
As shown in Fig. 2, the braiding yarn carrier (A) follows a zig-zag
trace through an alternating movement in rows and columns, the
movement of braiding yarn is always half a step behind the carri-
ers. Supposing the arrangement of the carrier on the machine bed
is the reﬂection of cross-section of the perform, the carrier as the
position control point of the yarn trajectory in the plane, according
to least-squares principle, the trace of braiding yarn in the cross-
section of the perform will be the connecting line of the mid-point
of the carriers, see B–C–D in Fig. 2. The axial yarn carrier only
moves along the X direction and returns to the original position
after one machine cycle. In Fig. 2, the axial yarn carrier (E) always
moves between the E–F during the whole machine cycle, so does
the yarn. As a result, the track of the axial yarn in the cross-section
of preform is a spot, that is the mid-point (G) of E and F. Different
from the braiding yarns, the axial yarn does not participate in
braiding but only embed evenly in between the braiding yarns.
Fig. 3 gives the trajectory of all the yarns in the cross-section of
perform. Solid line and ring are the projection of braiding yarns
and axial yarns, respectively. u is the angle between the horizontal
projection of braiding yarn and thickness direction of the preform
(or the Y-axis).
3.2. Unit cell models
As shown in Fig. 4, 3D ﬁve-directional braided preform has a
skin-core structure and composes of three regions: interior, surface
and corners. The traces of yarn carriers in each region have their
unique features, which results in different structure. A control vol-
ume method is employed to look into the topological structure of
3D ﬁve-directional braided preforms from different regions indi-
vidually. Based on the horizontal projection of all the yarns on
the XOY plane (Fig. 3), each yarn is considered to move h/4 at
one step along the Z direction. The spatial trace of the yarns can
be obtained in the control volume after the four-step machine cy-
cle and the unit cell models can be extracted further.
The control volume for the interior is deﬁned by the cuboid en-
closed by 1, 2, 3, 4 (Fig. 3) and two parallel planes forms the depth
of four braiding steps. By analyzing the spatial trace of all yarns,
the unit cell of the preform interior can be obtained as shown in
Fig. 5. It can be further divided into four sub-cells, as shown in
Fig. 6(a), (b), (c), (d); the corresponding planar projection region
is a, b, c, d, respectively (Fig. 3). In the four sub-domains, the bold
line represents the yarn projection in the ﬁrst two steps; the slim
line denotes the yarn projection of the last two steps; the arrow
indicates the yarn movement direction. There are 10 braiding
yarns and four axial yarns in this interior control volume. The axes
of the 14 yarns inside the control volume or unit cell are all straight
and do not intersect each other in the space. c is the interior braid-
ing angle between the interior braiding yarn axis and the Z-axis.
According to the orientation angles, the interior sub-cells include
four groups of braiding yarns and one group axial yarn, the braid-
ing yarn intersecting two sets of parallel planes of a cuboid. A quar-
ter of the axial yarn locates on the corners of a cuboid. The height
of interior sub-cells is ‘h’.
The control volume for the surface along the width direction is
represented by a rectangular parallelepiped with the bottom area
enclosed by 5, 6, 7, 8 (Fig. 3) and two parallel planes constitute
the depth of four braiding steps. Follow the movement of carrier
in the surface control volume and the yarn spatial trace on the pre-
form surface during four steps, the surface unit cell model can be
obtained and it can also be divided into two sub-cells, see Fig. 7.
The planar projection region is e, f (Fig. 3). The surface sub-cell
 Original 
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Fig. 1. Scheme of 3D ﬁve-directional braiding process.
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Fig. 2. The movement of carriers. Fig. 3. The horizontal projection of yarn paths.
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Fig. 5. The preform interior unit cell.
(a) (b) 
Fig. 4. Schematic illustration of the interior, surface and corner of a preform.
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with non-intersecting axes together with two quarter axial yarns.
b is the surface braiding angle, between the surface braiding yarn
axis and the Z-axis. For the surface region, the same surface sub-
cells are found on surfaces of opposing sides. The surface sub-cells
along the thickness direction can be obtained by 90 rotation along
the width direction. See Fig. 7(c) and (d).Fig. 6. Four interior sThe yarn geometry on the preform surface can be described by
several key parameters which are measured directly. Fig. 8(a)
shows a photograph of the braid surface of 3D ﬁve-directional
braided preform and an ideal model is shown in Fig. 8(b), where
‘W’ is the braiding pitch width, ‘h’ is the braiding pitch length,
and a is called the braiding angle which is formed by the grain of
the preform surface.
At the corners of a preform, a control volume is deﬁned by the
cuboid with a bottom area including 9, 10, 11, 12 (Fig. 3) and two
parallel planes constitute the length of four braiding steps. As
shown in Fig. 9(a), a unit cell at the preform corner has the height
of ‘h’, and contains one oriented braiding yarn and one quarter ax-
ial yarn. h is the corner braiding angle, between the corner braiding
yarn axis and the Z-axis (Fig. 9(a)). For the corner region, every two
adjacent corner unit cells are found in mirror symmetry. The cells
locate in the other corners of the preform can be obtained one after
another. It is shown in Fig. 9(b)–(d).
Therefore, a 3D ﬁve-directional braided preform is built up by
four interior sub-unit cells, two surface sub-unit cells and one cor-
ner unit cell in the interior, surface, corner region, respectively.
3.3. Basic assumptions
The following assumptions have been made for deriving the
relationships of braiding parameters of 3D ﬁve-directional braided
composites:
1. The cross-section for all multiﬁlament braiding and axial yarns
is elliptical with minor radii d. The deformation coefﬁcient of
cross-section is k. The yarns are uniform along the length
direction.
2. The proportion of braiding yarns and axial yarns is 1:1, that is,
the full ﬁlling of axial yarns.
3. The yarns are in a jamming condition. All yarns in the braided
preform have identical yarn packing factor e.ub-cells models.
Wh
h
(a) (b) 
Fig. 8. A photograph of the 3D ﬁve-directional braided preform surface and an ideal model.
Fig. 7. Surface sub-cells models.
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Using trigonometry, the relationship between the interior
braiding angle c, the surface braiding angle b, the corner braiding
angle h and the braiding angle a is given by
tan c ¼ 1
sinu
tana ¼ 8ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7 sin2uþ 9
q tan b ¼ 4 tan h ð3Þ
The total ﬁber volume fraction in a 3D ﬁve-directional braided pre-
form can be written as
V f ¼ CiV i þ CsV s þ CcVc ð4Þ
where Ci, Cs, Cc is the volume proportions of the interior, surface,
corner regions to the whole structure, respectively, and express as
follows:Ci ¼ 4ðP  1ÞðQ  1Þð2P þ 1Þð2Q þ 1Þ ð5Þ
Cs ¼ 6ðP  1Þ þ 6ðQ  1Þð2P þ 1Þð2Q þ 1Þ ð6Þ
Cc ¼ 9ð2P þ 1Þð2Q þ 1Þ ð7Þ
also, Vi, Vs, Vc is the ﬁber volume fraction in the preform interior,
surface, corner regions, respectively, and express as following.
V i ¼ 132
1
cos c
þ 1
 
pke sin 2u ð8Þ
V s ¼ 124
1
cosb
þ 1
2
 
pke sin 2u ð9Þ
Vc ¼ 118
3
4 cos h
þ 1
4
 
pke sin 2u ð10Þ
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yarns and a ‘beat-up’ action is applied after each four-steps move-
ment. When yarn jamming, the expression for the deformation
coefﬁcient of cross-section k can be written as follows:
k ¼ cos c
sin 2u
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð5 cos 2uÞð3þ cos 2uÞ
p
; ðu < 45Þ ð11Þ
k ¼ cos c
sin 2u
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð5þ cos 2uÞð3 cos 2uÞ
p
; ðu > 45Þ ð12Þ
In a perfect condition, u is equal to 45, k is given as
ﬃﬃﬃﬃﬃﬃ
15
p
cos c.
From the analysis above, if the ﬁber volume fraction of the pre-
form is given, the yarn packing factor can also be determined.4. Stiffness properties
3D ﬁve-directional braided perform is a spatial net structure of
yarns with different orientation. The preform is then consolidated
into the ﬁnal composite by impregnating with certain matrix
material follow resin-transfer molding. All the ﬁber bundles with
identical orientation can be modeled as one unidirectional ﬁber
reinforced composite. According to the unit cell models presented
in Section 3, 13 kinds of unidirectional composites in the 3D ﬁve-
directional braided composites can be obtained. The ﬁber volume
fraction of the unidirectional composite with differential local axial
coordinate system in the interior, surface, and corner regions is
considered the same.
Note that the ﬁbers used are transversely isotropic and linearly
elastic until rupture and that the matrix is an isotropical material.
The stiffness matrix ½Cf and the compliance matrix ½Sf for the ﬁber,
correlated by ½Cf ¼ ½S1f , where ½Sf ; ½Cf is given byFig. 10. Schematic of a yarn in local and global coordinate.½Sf ¼
S11 S12 S12 0 0 0
S21 S22 S23 0 0 0
S21 S32 S22 0 0 0
0 0 0 S44 0 0
0 0 0 0 S66 0
0 0 0 0 0 S66
2
666666664
3
777777775
; Sij ¼ Sji;
½Cf ¼
C11 C12 C12 0 0 0
C21 C22 C23 0 0 0
C21 C32 C22 0 0 0
0 0 0 C22C232 0 0
0 0 0 0 C66 0
0 0 0 0 0 C66
2
666666664
3
777777775
; Cij ¼ Cji;
ð13Þ
where S11 ¼ 1E11 ; S12 ¼ 
m21
E11
; S21 ¼  m12E22 ; S22 ¼ 1E22 ; S23 ¼ 
m32
E22
; S33 ¼
1
E33
; S32 ¼  m23E33 ; S44 ¼ 2ðS22  S23Þ; S66 ¼ 1G12.
For a unidirectional ﬁbrous composite, casting in an incremen-
tal form, the volume-averaged stress increments in the constituent
ﬁber and matrix are correlated by a bridging matrix through
(Huang, 2004)
drmi
  ¼ ½Aij drfjn o ð14Þ
where fdrig ¼ dr11;dr22;dr33;dr23;dr13; dr12f gT and the sufﬁxes f
and m refer to the ﬁber and matrix, respectively. The bridging ma-
trix [Aij] represents the load share capacity of one constituent phase
(the ﬁbers or the matrix) in the composite with respect to the other
phase (the matrix or the ﬁbers).
The bridging matrix is given in the following form½Aij ¼
a11 a12 a13 0 0 0
a21 a22 a23 0 0 0
a31 a32 a33 0 0 0
0 0 0 a44 0 0
0 0 0 0 a55 0
0 0 0 0 0 a66
2
666666664
3
777777775
ð15Þ
The independent elements of the bridging matrix are given in the
following:
a11 ¼ Em=Ef11; a12 ¼ a13 ¼ ðSf12  Sm12Þða11  a22Þ=ðSf11  Sm11Þ;
a21 ¼ a31 ¼ 0; a23 ¼ a32 ¼ 0;
a22 ¼ a33 ¼ k1 þ ð1 k1ÞEm=Ef22 ð0 < k1 < 1Þ;
a44 ¼ k2 þ ð1 k2ÞGm=Gf23 ð0 < k2 < 1Þ;
a55 ¼ a66 ¼ k3 þ ð1 k3ÞGm=Gf12 ð0 < k3 < 1Þ;
8>>>><
>>>>:
ð16Þ
where Ef11; E
f
22, and G
f
12 are the longitudinal, transverse, and in-plane
shear moduli of the ﬁbers; Em, Gm are Young’s modulus, shear mod-
ulus of the matrix; k1, k2, k3 are bridging parameters. These bridging
parameters modify the composite transverse and in-plane shear
properties which will be affected by those variations such as the
fabrication defects, the processing condition, the ﬁber–matrix inter-
face bonding, the ﬁber arrangement, and the ﬁber cross-sectional
shape, etc.
3D ﬁve-directional braided composites can be assembled by dif-
ferent kinds of unidirectional composites. For such unidirectional
composite, the local Cartesian coordinate z1 is along the ﬁber axis.
(Fig. 10), when the bridge matrix is given, with its local instanta-
neous compliance matrix at any load level given by (Huang, 2004)
½Sijn ¼ Vnf ½Sijf þ Vnm½Sijm½Aij
 
Vnf ½I þ Vnm½Aij
 1 ð17Þ
where [Sij]f and ½Sijm are the instantaneous compliance matrices of
the ﬁber and matrix materials (Eq. (5)), and [I] is a unit matrix. ‘‘V f ”
and ‘‘Vm” refers to the ﬁber andmatrix volume fractions for different
unidirectional composites, respectively, and the relation for them is
Vnm ¼ 1 Vnf . In the interior, surface, corner region, the ﬁber volume
fraction for each unidirectional composite in detail is given as follow:
V i1f ¼V i2f ¼V i3f ¼V i4f ¼V i5f ¼
ﬃﬃﬃﬃﬃﬃ
15
p
ð1þcoscÞpe=32 ð18Þ
V s1f ¼V s2f ¼V s3f ¼V s4f ¼V s5f ¼
ﬃﬃﬃﬃﬃﬃ
15
p
ð2þcosbÞpcosce=ð48cosbÞ ð19Þ
Vc1f ¼Vc2f ¼Vc3f ¼Vc4f ¼Vc5f ¼
ﬃﬃﬃﬃﬃﬃ
15
p
ð3þ4coshÞpcosce=ð72coshÞ ð20Þ
In the local coordinate system (x1  y1  z1), the averaged stiffness
matrix and the compliance matrix for each unidirectional compos-
ite, correlated by
½Cijn ¼ ½Sij1n ð21Þ
3428 D.-s. Li et al. / International Journal of Solids and Structures 46 (2009) 3422–3432The averaged stiffness matrix each unidirectional composite ob-
tained in the local coordinate system is next transformed to a rep-
resentation in the global coordinate system (O–X–Y–Z), by a
rotation about the common Z axis, through a ﬁber orientation angle.
The ﬁber orientation angle for different unidirectional composite is
given by
ðc;uÞ; ðc;uÞ; ðc;uÞ; ðc;uÞ
ðb;uÞ; ðb;uÞ; ðb;uÞ; ðb;uÞ
ðh;uÞ; ðh;uÞ; ðh;uÞ; ðh;uÞ
ð0; 0Þ
8>><
>>:
ð22Þ
Then the stiffness matrix for each unidirectional composite at the
global coordinate system can be derived as
½Cijn ¼ ½Trn½Cijn½TrTn ðn ¼ i1; i2; . . . c4; c5Þ ð23Þ
in which [Tr] is the transformation matrix of stress vector and
superscripts ‘‘T” refer to transpose of the matrix. The expression
for [Tr] is given by
½Tr¼
l21 m
2
1 n
2
1 2m1n1 2n1l1 2l1m1
l22 m
2
2 n
2
2 2m2n2 2n2l2 2l2m2
l23 m
2
3 n
2
3 2m3n3 2n3l3 2l3m3
l2l3 m2m3 n2n3 m2n3þm3n2 n2l3þn3l2 l2m3þ l3m2
l3l1 m3m1 n3n1 m3n1þm1n3 n3l1þn1l3 l3m1þ l1m3
l1l2 m1m2 n1n2 m1n2þm2n1 n1l2þn2l1 l1m2þ l2m1
2
6666666664
3
7777777775
ð24Þ
where l1 ¼ cosð/nÞ; m1 ¼ 0; n1 ¼sinð/nÞ; l2 ¼ sinð/nÞcosð/nÞ; m2 ¼
sinðunÞ; n2¼cosðunÞcosðunÞ; l3¼sinð/nÞsinðunÞ;m3¼cosðunÞ; n3¼
cosð/nÞsinðunÞ are the directional cosines of the material axes in
global coordinate system. /n, un can be replaced by the different
ﬁber orientation angle in Eq. (5).
Stiffness matrix from each unidirectional composite is summed
up for the stiffness of the 3D ﬁve-directional braided composite by
the volume average. Namely,Fig. 11. Strength analysis procedure for the½C ¼
Xc5
n¼i1
Vn½Cijn ðn ¼ i1; i2; . . . c4; c5Þ ð25Þ
where Vn is the volume proportion of each unidirectional composite
to the whole composite, given as follows:
Vi1 ¼ Vi2 ¼ Vi3 ¼ Vi4 ¼ Vi5 ¼ 4ðm 1Þðn 1Þ5ð2mþ 1Þð2nþ 1Þ ð26Þ
V s1 ¼ V s2 ¼ V s3 ¼ V s4 ¼ V s5 ¼ 2ðm 1Þ þ 2ðn 1Þð2mþ 1Þð2nþ 1Þ ð27Þ
Vc1 ¼ V c2 ¼ V c3 ¼ V c4 ¼ V c5 ¼ 95ð2mþ 1Þð2nþ 1Þ ð28Þ
Correspondingly, compliance matrix for 3D ﬁve-directional braided
composites can be calculated by ½S0 ¼ ½C1. According to the rela-
tionship between the engineering elastic constants and the compli-
ance matrix [S0], the nine independent engineering elastic constants
of 3D ﬁve-directional braided composite can be received by
Ez ¼ 1=S011; Ex ¼ 1=S022; Ey ¼ 1=S033
Gxy ¼ 1=S044; Gzy ¼ 1=S055; Gzx ¼ 1=S066
mxy ¼ S032=S022; mzy ¼ S013=S033; mzx ¼ S021=S011
8><
>: ð29Þ5. Strength analysis
A detailed ﬂow chart (Fig. 11) shows strength simulation proce-
dure based on an incremental solution strategy.
When the tensile loading is applied, the overall applied stress
increments are {dri} = {drz,0,0,0,0,0}T, the stress–strain incre-
ments relationship for the whole 3D ﬁve-directional braided com-
posite is given by
fdrig ¼ ½Cfdejg ð30Þ
where {dej} is the total strain increment of the whole composite.
Suppose that uniform strain exists in each unidirectional com-
posite and the whole braided composite, the stress–strain incre-
ments relationship for each unidirectional composite is given:3D ﬁve-directional braided composites.
D.-s. Li et al. / International Journal of Solids and Structures 46 (2009) 3422–3432 3429fdrig ¼
Xc5
n¼i1
Vn½Cijn
 !
fdejg
¼ Vi1½Ciji1
	 

fdejg þ Vi2½Ciji2
	 

fdejg
þ    Vc4½Cijc4
	 

fdejg þ Vc5½Cijc5
	 

fdejg
¼ fdrigi1 þ fdrigi2 þ    fdrigc3 þ fdrigc4 þ fdrigc5 ð31Þ
Therefore, the overall stress increments for each unidirectional
composite in the global coordinate system can be formally ex-
pressed as
fdrign ¼ Vn½Cijnfdejg ðn ¼ i1; i2; . . . c4; c5Þ ð32Þ
For a unidirectional ﬁbrous composite, the incremental stresses in
the constituent ﬁber bundles and matrix can be correlated through
a bridging matrix (Huang, 2001). Given the constituent properties
and ﬁber volume fraction of each unidirectional composite, the
stresses increments generated in the ﬁber bundles and resin mate-
rials at the local coordinate system are determined through
drfi
 
n ¼ Vnf ½I þ Vnm½Aij
 1fdrjgn ¼ ½Bijfdrjgn ð33Þ
fdrmi gn ¼ ½Aij Vnf ½I þ Vnm½Aij
 1fdrjgn ¼ ½Aij½Bijfdrjgn ð34Þ
It is noted that the {drj}n in Eqs. (33) and (34) is the overall stress
increments on each unidirectional composite in the local coordinate
system.
Substituting the stress increments {dri}n in Eq. (32) into Eqs.
(33) and (34) and solving for drfi
 
n; fdrmi gn with respect to {dri}n
by coordinate-system transformation, we obtain the total stresses
increments in the constituents (the ﬁber bundles and matrix) at
the local coordinate system.
fdrfi gn ¼ ½Bij ½Tr1n
	 
T
fdrign ð35Þ
fdrmi gn ¼ ½Aij½Bij ½Tr1n
	 
T
fdrign ð36Þ
The total stresses in the various materials are simply updated
throughFig. 12. Photographs and SEM of fracture surfac½riðKþ1Þ ¼ ½riðKÞ þ ½dri
rfi
 ðKþ1Þ ¼ rfi ðKÞ þ ½drfi 
rmi
 ðKþ1Þ ¼ rmi ðKÞ þ drmi 
8><
>>: K ¼ 0;1;2; . . . ; ð37Þ
As the stress states in the constituent materials are explicitly
known, a straightforward choice is to apply a stress failure criterion
to detect the failure status of the constituents. The ﬁber bundles can
be considered as transversely isotropic linear elastic composite.
Hence, in this paper, the Hoffman criterion is employed to detect
the tensile failure of the ﬁber bundles and the expression is simply
given by
C1ðr1  r2Þ2 þ C2ðr2  r3Þ2 þ C3ðr3  r1Þ2 þ C4r1 þ C5r2
þ C6r3 þ C7s223 þ C8s231 þ C9s212 ¼ 1 ð38Þ
where C1, C2, C3, C4, C5, C6, C7, C8, C9 can be computed according to
C1 ¼ 1YY 0  12 1XX0 ; C2 ¼ C3 ¼ 12 1XX0
C4 ¼ X0XXX0 ; C5 ¼ C6 ¼ Y
0Y
YY 0
C7 ¼ 1ðSÞ2 ; C5 ¼ C6 ¼ 1ðSÞ2
8><
>: ð39Þ
X ¼ rfeþ rmð1 eÞ; Y ¼ 1
ﬃﬃ
e
p  e  1 Em
Ef22
  
rm
X 0 ¼ rf eþ EmEf Vm
h i
; Y 0 ¼ 1 ð ﬃﬃep  eÞ 1 Em
Ef22
  
rm
S ¼ sfeþ smð1 eÞ; S ¼ 1 ð
ﬃﬃ
e
p  eÞ 1 Gm
Gf12
  
sm
8>>>><
>>>>:
ð40Þ
In the above, X, Y, X0, Y0 are the longitudinal and transverse tensile
strength, and longitudinal and transverse compression strength of
the ﬁber bundles, respectively. S*, S are the in-plane shear strength
and out-of-plane shear strength, respectively. rf is the tensile fail-
ure strength of the ﬁber, rm is the tensile stress of the matrix cor-
responding to the ﬁber failure strain, rm is the tensile failure
strength of the matrix.
The matrix is considered as an isotropic material and a general-
ized Mises criterion to govern failure of the matrix is expressed as
ðr1r2Þ2þðr2r3Þ2þðr3r1Þ2þ6ðs212þs223þs231Þ¼2r2m ð41Þe of 3D ﬁve-directional braided composites.
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rm is the strength of the matrix.
Our experimental results demonstrate the damage accumula-
tion during loading process. The materials clack in the tensile test.
With the increase of the loading, the sound is more and more obvi-
ous until material ruptures (Fig. 12(a)). The SEM photographs also
shows the matrix in the composites has apparent plastic deforma-
tion and distinct shear zones indicating the matrix generates yield
failure under the combination of tension and shear stress
(Fig. 12(b)). In addition, little ﬁber bundles are pulled out and bro-
ken in direct stress showing the ﬁbers are the main load-bearing
objects during the tensile process (Fig. 12(c)).
Consequently, in this study, when the stresses in the matrix sat-
isfy Eq. (41), the yield failure of the matrix is partly occurred and
stiffness discount, but the whole composite have the bear-loading
capacity. When the ﬁber bundles in the interior region fail, theFig. 13. Variation of engineering elastic constantsdamage is thought to happen on the whole composite and the
bear-loading capacity decrease sharply. While the stresses of the ﬁ-
ber bundles in the surface region meet Eq. (38), the whole compos-
ite is considered as losing bear-loading capacity and the overall
applied load is taken as an ultimate strength for the composite.
The calculated results indicate the ﬁber bundles fail in the interior
region ﬁrst, then in the surface region, and ﬁnally in the corner re-
gion with an increase of the applied loading.
6. Results and discussion
6.1. Effective elastic properties of 3D ﬁve-directional braided
composites
In the present calculations, the mechanical properties for the
T300 carbon ﬁber constitute is Ef1 = 220 GPa; Ef2 = 13.8 GPa;with braiding angle and ﬁber volume fraction.
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Fig. 14. Variation of strength with braiding angle and ﬁber volume fraction.
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sf = 943 MPa. The mechanical properties for the epoxy resin is
Em = 4.5 GPa; mm = 0.34; rm ¼ 70:6 MPa; rm = 80 MPa; rm ¼
79 MPa; sm = 46 MPa (Lu et al., 2002). The meaning for the above
symbols is the same with those used previously. With respect to
the bridging parameters, different values from 0.1 to 0.9 have been
tried for the calculation, the best result occurs at 0.5. So the bridge
parameters are given as k1 = 0.5, k2 = 0.5, k3 = 0.5 for the mechani-
cal analysis of 3D ﬁve-directional braided composites.
Fig. 13 shows the variation of the elastic constants with the
braiding angle and the ﬁber volume fraction. Fig. 13(a) depicts that
the elastic modulus Ez decreases sharply with the increase of the
braiding angle. The elastic modulus Ez increases as the ﬁber volume
fraction increases, when the braiding angle is small, the change of
the elastic modulus Ez caused by the increment of ﬁber volume
fraction becomes comparatively signiﬁcant.
Fig. 13(b) presents that the elastic moduli, Ex and Ey (Ex = Ey),
vary with the braiding parameters. The elastic modulus Ex in-
creases steadily with the increases of the braiding angle. When
the braiding angle is large, the change tendency is more obvious.
As the ﬁber volume fraction increases, the elastic modulus Ex also
increases in a similar tendency. When the braiding angle is large,
the change of the elastic modulus Ex caused by the increment of ﬁ-
ber volume fraction becomes comparatively signiﬁcant.
Fig. 13(c) describes that the transverse shear modulus Gxy in-
creases monotonically as the braiding angle increases. If the braid-
ing angle is less than 20, the increase is not signiﬁcant. As the ﬁber
volume fraction increases, the transverse shear modulus Gxy in-
creases. When the braiding angle is small, Gxy changes little. When
the braiding angle is large, the change of the transverse shear mod-
ulus Gxy caused by the increment of the ﬁber volume fraction is
comparatively larger with increasing the ﬁber volume fraction.
Fig. 13(d) gives that the longitudinal shear moduli, Gzx and Gzy
(Gzx = Gzy), ﬁrstly increase and then decrease as the braiding angle
increases. At the braiding angle of 40, the longitudinal shear mod-
uli Gzx and Gzy reach the maximum value. With the increase of the
ﬁber volume fraction, the longitudinal shear moduli, Gzx and Gzy,
increase. When the braiding angle is large, the increments of the
longitudinal shear moduli, Gzx and Gzy, are relatively larger with
that of the ﬁber volume fraction.
Fig. 13(e) showsthat thevariationof the transversePoisson’s ratio,
mxy, with the braiding angle and ﬁber volume fraction. It can be seen
that the braiding angle is the main factor affecting the transverse
Poisson’s ratio, mxy. The transverse Poisson’s ratio mxy ﬁrstly decreases
and then increases as thebraiding angle increases.Whenthebraiding
angle is 20, mxy attains theminimumvalue.When the braiding angle
is over 20, mxy increases sharply. The effect of the ﬁber volume frac-
tion on mxy is not obvious. As the ﬁber volume fraction increases, the
transverse Poisson’s ratio mxy decreases a little. The decrement of
the Poisson’s ratio mxy is reduced as the braiding angle increases.
When the braiding angle is more than 40, mxy changes little.
Fig. 13(f) depicts that the braiding angle is also an important
factor on the longitudinal Poisson’s ratios mzx (mzx = mzy). When the
braiding angle is less than 25, mzx and mzy increase with the braid-
ing angle increases; when the braiding angle is more than 25, mzx
and mzy decreases with the braiding angle increases. The effect of
the ﬁber volume fraction on the Poisson’s ratios is relatively weak.
With increasing the ﬁber volume fraction, the Poisson’s ratios, mzx
and mzy, ﬁrstly decreases then increases and decreases again. In de-
tail, mzx and mzy decrease when the braiding angle is less than 10;
they increase when angle ranges 10–50 and then drops over
50. The change of the Poisson’s ratios caused by the increment
of ﬁber volume fraction, mzx and mzy, is relatively obvious when
the braiding angle ranges 25–30.
Fig. 13 also shows the comparison between the results of the
present analysis and the stiffness averaged method (Lu and Liu,2006). It is observed that the elastic constants in variation trend
predicted by these two models match quite well. Close results
are also reported for Ez, Gxy, Gyz, mzx, but transverse tensile stiffness
Ex predicted by the present analytical model is a bit smaller than
that from the stiffness averaged method and the Poisson ratio mxy
from the present analytical model is a little bit higher. Moreover,
the predictive results in literature (Li et al., 2008a) showing agree-
ment with the present analytical model.
6.2. Strength properties of 3D ﬁve-directional braided composites
The variation of the predicted strength of 3D ﬁve-directional
braided composites with the braiding angle and the ﬁber volume
fraction is plotted in Fig. 14. Fig. 14 also shows the comparison
with that of the 3D four-directional braided composites. It can be
seen that the strength decreases monotonically as the braiding an-
gle increases. When the braiding angle is less than 25, the strength
decreases linearly and sharply. When the braiding angle is more
than 25, the strength decreases nonlinearly and steadily. The
strength tends to be a constant when the braiding angle is large en-
ough. We notice that the strength of 3D ﬁve-directional braided
composites increases with the increase of the ﬁber volume fraction
and when the braiding angle is small, the variation is more sensi-
tive. The variation magnitude of the strength with the ﬁber volume
fraction decreases with increasing the braid angle. While when
braiding angle is more than 30, the effects of the ﬁber volume
fraction have same sensitive with increasing the braiding angle.
Compared with 3D four-directional braided composites, the
strength value of 3D ﬁve-directional braided composites is boost
greatly than that of 3D four-directional braided composite by feed-
ing the axial yarns. When the braiding angle is small, the difference
between them becomes comparatively signiﬁcant. In addition, the
strength of the 3D ﬁve-directional braided composites declines
sharply than that of 3D four-directional braided composites.
As shown in Figs. 13 and 14, the effective elastic properties and
strength of the 3D ﬁve-directional braided composites are inﬂu-
enced greatly by the braiding angle and the ﬁber volume fraction.
Therefore, optimization of the two important structural parame-
ters can help to save time and costs during the manufacture
process.
6.3. Comparison with experimental results
In order to verify the validation of the present model further, a
comparison of the predictive values and experimental data (Chen
et al., 2005) for the mechanical properties of 3D ﬁve-directional
braided composite is listed in Table 1. The prediction of the axial
elastic modulus shows agreement with the experimental results.
Table 1
Comparison of predictive and experimental data.
Sample Braiding angle
()
Fiber volume fraction
(%)
Axial elastic modulus Error (%) Tensile strength Error (%)
Experimental data
(GPa)
Predictive data
(GPa)
Experimental data
(MPa)
Predictive data
(MPa)
B5D-1 12.6 46.6 96.50 92.62 4.02 710.2 777.0 9.41
B5D-2 11.5 58.2 119.20 117.11 1.75 784.3 854.0 8.89
B5D-3 12.2 56.7 115.40 112.70 2.33 753.2 805.0 6.88
B5D-4 20.1 55.3 98.10 90.51 7.73 720.8 645.0 10.51
B5D-5 30.2 57.3 72.10 68.97 4.34 510.6 492.0 3.64
3432 D.-s. Li et al. / International Journal of Solids and Structures 46 (2009) 3422–3432We notice there is a little more difference between the predictions
and the experimental results for the strength, but the error is with-
in the engineering limit range. Based on the above discussion, the
present model can predict the stiffness and strength properties of
3D ﬁve-directional braided composite to some extent.
6.4. Conclusions
3D ﬁve-directional braided composites have complicated ﬁber
architecture. By analyzing the microstructure of its performs in dif-
ferent regions, three distinct unit cells have been studied, respec-
tively. According to the unit cell models, the stiffness and
strength properties of 3D ﬁve-directional braided composites are
predicted by a micromechanical method. The calculated results
indicate the good mechanical properties of this material while im-
prove the axial performance, which showing great superiority over
the 3D four-directional braided composites. Meanwhile, the pre-
dictive engineering elastic constants indicate that the 3D ﬁve-
directional braided composites can be considered as transversely
isotropic materials in a macro-scale. The braiding angle and the ﬁ-
ber volume fraction are important factors affecting the mechanical
properties of 3D ﬁve-directional braided composites. Good agree-
ment has been obtained between the experimental results and
the values predicted by the present analytical method.
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